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1. Introduction

The dihedral groups arise frequently in art and nature. Many of
the decorative designs used on floor covering, pottery, and buildings
have one of the dihedral groups as a group of symmetry. The term
symmetry is from the Greek word symmetros, meaning ”of like mea-
sure.” The symmetry group of plane figure is the set of all symmetries
of the figure. Symmetries in three dimensions are defined analogously.
Obviously, a rotation of a plane about a point in the plane is a sym-
metry of the plane, and a rotation of a plane about a line in three
dimensions is a symmetry in three-dimensional space. Similarly, any
translation of a plane or of three dimensional space is a symmetry.

Dihedral Group

The dihedral group Dn of order 2n is the group of symmetries of a
regular polygon with n vertices. We think of this polygon as having
vertices on the unit circle, with vertices labeled 0, 1, 2, ..., n− 1 start-
ing at (1, 0) and proceeding counterclockwise at angles in multiples of
360/n degrees, that is, 2π/n radians.

There are two types of symmetries of the n-gon, each one giving rise
to n elements in the group Dn:

• Rotations : R0,R1, ::: .Rn−1, where Rk is rotation of angle 2πk/n.
i.e A symmetry group consisting of the rotational symmetries
of 0o, 2(360o)/n, ..., (n− 1)360o/n, and no other symmetries, is
called a cyclic rotation group of order n and is denoted by
< R360/n >.

• Reflections : S0, S1, ..., Sn−1, where Sk is reflection about the
line through the origin and making an angle of πk/n with the
horizontal axis.

• Logos with cyclic rotation symmetry groups. The triangle has
an order of symmetry of 3 and the swastik symbol has an order
of symmetry of 4.
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• Here is an example of D6. This group contains 12 elements,
which are all rotations and reflections. The very first one is the
identity transformation.

• If we put a dihedral group in three dimensions, the reflections
are also rotations of 180o.

Others Definition

Dihedral group of order 2n has the presentation 〈x, y | xn = y2 = e, yxy = x−1〉

• When n = 1, we have x = e and thus it is a group of order 2.

• When n = 2, we have yxy = x and so xy = yx. Thus it is
abelian.

• When n ≥ 3, then yxy = xn−1 and so xy = yxn−1 6= yx. Thus it
is not abelian.

• The group operation is given by composition of symmetries: if
a and b are two elements in Dn, then a · b = b ◦ a. That is to
say, a · b is the symmetry obtained by applying first a, followed
by b.
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• Cyclic rotation groups along with dihedral groups are favorities
of artists,designers and nature.

The elements of Dn can be thought as linear transformations of the
plane, leaving the given n-gon invariant. This lets us represent the
elements of Dn as 2× 2 matrices, with group operation corresponding
to matrix multiplication. Specifically

Rk =

cos(2πkn ) −sin(2πk
n

)

sin(2πk
n

) cos(2πk
n

)



Sk =

cos(2πkn ) sin(2πk
n

)

sin(2πk
n

) −cos(2πk
n

)


It is now a simple matter to verify that the following relations hold in

Dn:

Ri · Rj = Ri+j

Ri · Sj = Si+j

Si · Rj = Si−j

Si · Sj = Ri−j

.
where 0 ≤ i; j ≤ n− 1, and both i+j and i−j are computed modulo n.
The Cayley table for Dn can be readily computed from the above rela-
tions. In particular, we see that R0 is the identity,

R−1i = Rn−i

S−1i = Si.

Group of Symmetries of an Equilateral Triangle

Consider the symmetries of an equilateral triangle whose vertices are
labelled points:
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Consider a point fixed in the center of this triangle. There are two types
of symmetries we can look at. The first is counterclockwise rotational
symmetries. We can rotate the triangle by 0o (or equivalently 360o),
120o, or 240o as illustrated in the following image:

The second type of symmetries we can look at are axial symmetries
along specified axes. There are three axes which we can mirror the
equilateral triangle onto itself:

Mirroring the equilateral triangle around each of these axes produces
a symmetry:
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We will see that these six symmetries form a group.

Let D3 = { R0, R1, R2, S0, S1, S2 }. This is the symmetry group of the
equilateral triangle, with vertices on the unit circle, at angles 0, 2π/3,
and 4π/3. The matrix representation is given by

R0 =

1 0

0 1

 , R1 =

−12 −
√
3

2

√
3
2

−1
2

 , R2 =

 −1
2

√
3
2

−
√
3

2
−1
2



S0 =

1 0

0 −1

 , S1 =

−12
√
3
2

√
3
2

1
2

 , S2 =

 −1
2

−
√
3

2

−
√
3

2
1
2



while the Cayley table for D3 is:

R0 R1 R2 S0 S1 S2

R0 R0 R1 R2 S0 S1 S2

R1 R1 R2 R0 S1 S2 S0

R2 R2 R0 R1 S2 S0 S1

S0 S0 S2 S1 R0 R1 R2

S1 S1 S0 S2 R1 R0 R2

S2 S2 S1 S0 R2 R1 R0
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Group of Symmetries of an Square

Let D4 = {R0, R1, R2, R3, S0, S1, S2, S3}. This is the symmetry group
of the square with vertices on the unit circle, at angles 0, π/2, π, and
3π/2. The matrix representation is given by

R0 =

1 0

0 1

 , R1 =

0 −1

1 0

 , R2 =

−1 0

0 −1



S0 =

1 0

0 −1

 , S1 =

0 1

1 0

 , S2 =

−1 0

0 1


while the Cayley table for D4 is:

R0 R1 R2 R3 S0 S1 S2 S3

R0 R0 R1 R2 R3 S0 S1 S2 S3

R1 R1 R2 R3 R0 S1 S2 S0 S3

R2 R2 R3 R0 R1 S2 S3 S0 S1

R3 R3 R0 R1 R2 S3 S0 S1 S2

S0 S0 S3 S2 S1 R0 R3 R1 R2

S1 S1 S0 S3 S2 R1 R0 R3 R2

S2 S2 S1 S0 S3 R2 R1 R0 R3

S3 S3 S2 S1 S0 R3 R2 R1 R0
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